
Abstract. This paper considers interaction of the human
arm with ``virtual'' objects simulated mechanically by a
planar robot. Haptic perception of spatial properties of
objects is distorted. It is reasonable to expect that it may
be distorted in a geometrically consistent way. Three
experiments were performed to quantify perceptual
distortion of length, angle and orientation. We found
that spatial perception is geometrically inconsistent
across these perceptual tasks. Given that spatial percep-
tion is distorted, it is plausible that motor behavior may
be distorted in a way consistent with perceptual distor-
tion. In a fourth experiment, subjects were asked to draw
circles. The results were geometrically inconsistent with
those of the length perception experiment. Interestingly,
although the results were inconsistent (statistically
di�erent), this di�erence was not strong (the relative
distortion between the observed distributions was
small). Some computational implications of this research
for haptic perception and motor planning are discussed.

1 Introduction

Haptic spatial perception is distorted. When asked to
make judgments about spatial properties of objects such
as length, angle and orientation by feeling them, subjects
make systematic errors. This paper reports an investi-
gation of haptic interaction of the human arm with
``virtual'' objects. Our goal was to understand more
about the computational processes presumed to underlie

sensory-motor behavior. Objects were simulated using a
robotic manipulandum (shown schematically in Fig. 11)
which restricted movement to a horizontal plane. Inter-
action forces were generated by the manipulandum's
actuators in response to commands computed at each
sampling instant based on measurements of position and
velocity and a model of the object to be simulated.

1.1 Geometric structure

We assumed that interaction of the human with the
manipulandum over an interval of time is described
completely by a con®guration and force trajectory,
�x�t�; f �t��. Such a trajectory shall be referred to as an
(idealized) dynamic stimulus. The projection of a
con®guration and force trajectory onto the con®gura-
tion trajectory only, x�t�, shall be referred to as a
spatiotemporal stimulus. The underlying path, x��,
which is independent of the instantaneous velocities of
the path (independent of the temporal parameteriza-
tion), shall be referred to as the spatial stimulus.

During interaction, a�erent and e�erent information
is acquired. A�erent information comes from mec-
hanoreceptors such as cutaneous and deep tissue sen-
sors, muscle spindles, Golgi tendon organs and joint
capsule receptors. E�erent information is available from
so-called corollary discharge, information available
from motor areas of the central nervous system (CNS)
that project onto sensory areas. Percepts of arm state
and of the simulated objects are formed based on af-
ferent and e�erent information acquired during inter-
action, and on prior knowledge (e.g., that the simulated
object is a rectangle and not an arbitrary polygon). For
simplicity, we assumed that a�erent information was a
function of dynamic stimulus only, and that e�erent
information was a function of motor intent only.

Spatial perception can be viewed as an integrative,
computational process in which spatial properties are
inferred from instantaneously acquired e�erent and/or
a�erent information, and prior knowledge. Spatial
properties of objects, such as length of segments, con-
tinuity of paths, angles between surfaces, etc., can be
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theoretically determined based on the spatial stimulus
only. It is therefore useful to think of the perceptual
processes as implementing an underlying, abstract geo-
metrical reasoning system. This led us to several inter-
esting questions that we addressed experimentally: (1)
what is the structure of the abstract geometrical rea-
soning system implemented by the computational pro-
cesses? (2) are the processes mutually consistent with
respect to the underlying system?

In our investigation, we considered the question of to
what degree there is a perceived metric of space, i.e., to
what degree humans are capable of perceiving the dis-
tance traversed along paths. We assumed initially that
the perceived distance depends only on the path (the
spatial stimulus). This need not be the case, of course.
The perceived distance might depend on the direction or
speed at which the path was traversed. It might depend
on whether or not the path resulted from an unimpeded
movement or from interaction with an object. If the path
resulted from interaction with an object, the perceived
distance might depend on the texture of the object's
surface, how hard the subject pressed against the sur-
face, or prior knowledge about the object's shape. Al-
though these factors and others no doubt signi®cantly
in¯uence perception of distance, we expected that the
path would be the most important factor and focused
our experiments on it.

We hypothesized that human behavior is metrically
consistent. Consider a subject interacting with a simu-
lated object: we hypothesized that the perceived extent
of the object depends only on the spatial stimulus (the
path traversed by the hand). An idealized subject's dis-
torted but metrically consistent perception of a spatial
stimulus is a local, linear stretch of the stimulus. This is
illustrated in Fig. 1.

This leads to testable predictions about human be-
havior. One of the more interesting predictions is that
the perception of length and angle is expected to be re-
lated. For example, if a certain rectangle is perceived to
be square, then if the rectangle is cut in half along the
diagonal, one would expect the acute angles of the re-
sulting right triangle to be perceived as equal. In the
experiments described below we found that haptic spa-
tial perception is not geometrically consistent; speci®-
cally, we found that perception of an angle was
distorted, but in a way that could not be predicted by
knowing how perception of length was distorted. This is
surprising given that, as Foley (1972) observed: ``If an
observer's words are any index of his thoughts, then

man (or at least the M.I.T. student!) is cognitively a
Euclidean. In thinking about geometrical problems, he
tends to make Euclidean assumptions.'' However, our
results show that human haptic perception cannot be
described as Euclidean.

Four experiments were performed to test the hy-
pothesis. Three experiments were performed to quantify
perceptual distortion of length, angle and orientation at
a single arm con®guration. Subjects interacted with
simple, simulated objects such as rectangular and tri-
angular holes, as shown schematically in Fig. 2. Subjects
were asked to make judgments about spatial properties
of the objects: relative side lengths, relative angle mag-
nitudes, and absolute object orientations.

A fourth experiment examined motor behavior.
Given that spatial perception is distorted, it is plausible
that motor behavior may be distorted in a way consis-
tent with perceptual distortion. In the fourth experi-
ment, subjects were asked to draw circles. The shapes
drawn were compared with those predicted given the
results of the length perception experiment.

1.2 Previous work: the tangential-radial distortion

The perceptual distortion most relevant to this work is
the tangential-radial distortion (also referred to as the
tangential-radial e�ect or illusion). Experimentally, it is
observed that the perceived length of a line segment
depends on its position and orientation with respect to
the subject. In particular, line segments oriented radially
from the shoulder are perceived as being longer than line
segments oriented tangentially to circles centered at the
shoulder (KuÈ nnapas 1955; Davidon and Cheng 1964;
Day and Avery 1970; Deregowski and Ellis 1972; Day
and Wong 1973; Wong 1977, 1979; von Collani 1979;
Marchetti and Lederman 1983; Kay et al. 1989a,b;
Fasse et al. 1990; Hogan et al. 1990; Fasse 1992). Wong
(1977, 1979) hypothesized that the tangential-radial
distortion is caused by a di�erence of inertia in the
two directions; distance is inferred from temporal cues,
that is, subjects try to move at a constant velocity and

Fig. 1. An idealized observer's distorted but metrically consistent
perception can be thought of as a linear stretch of the stimulus. The
observer's (distorted) perception of the shape on the left is identical to
an undistorted perception of the shape on the right

Fig. 2. a In the ®rst experiment, subjects were asked to judge the
relative lengths of simulated rectangular containers. b Angle percep-
tion is expected to be related to length perception. In the second
experiment, subjects were asked to judge the relative magnitude of
angles of simulated triangular containers
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infer distance from time. Marchetti and Lederman
(1983) claimed to disprove this hypothesis. Deregowski
and Ellis (1972) showed that the perception of shape
depends on the orientation of the shape. Experimentally
they observed distortions in the order of 12%.

Kay et al. (1989a,b) (see also Hogan et al. 1990)
conducted a series of experiments to study haptic per-
ception using the same apparatus used in this investi-
gation. They looked at perception of length, force and
sti�ness at three di�erent locations in the workspace.
Simulated, compliant objects were centered at 25%,
50% and 75% of the maximum reach from the subjects'
shoulders. They observed that the amount of distortion
is con®guration dependent; distortion becomes more
pronounced as the center of the object moves away from
the shoulder.

1.3 Mathematical preliminaries

The following overview is presented to help clarify the
design and interpretation of the experiments.

1.3.1 Geometrical analysis
The prior work on perceptual distortion shows that
Euclidean geometry is not applicable. Some alternative
mathematical tools are necessary to describe subjects'
non-Euclidean percepts of simulated objects and basic
Riemannian geometry is useful to this end. Riemannian
geometry is a mathematically simple extension of Eu-
clidean geometry based on a measure of alignment of
tangent vectors known as an inner product. The inner
product of vectors v and w is denoted hv;wi � vtGw,
where G is a symmetric, positive-de®nite matrix. This
inner product can, in theory, vary from location to
location and, in general, perceptual distortion is known
to be location dependent. However, in these experiments,
we were concerned only with perceptual distortion in a
small region and, in that case, we may assume the inner
product is e�ectively constant. Inner products induce
norms of vectors, measures of length, and measures of
angle. For example, the norm of a vector v is the square
root of the inner product of that vector with itself,
kvk � hv; vi1=2. An inner product can be used to generate
geometrical shapes similar to Euclidean shapes. For
example, a Riemannian circle of radius r can be identi®ed
with the set of displacement vectors from its center of
length r, fv j vtGv � r2g. This is the equation of an ellipse.

An idealized observer's perception may be charac-
terized by the set of ellipses that are perceived as circu-
lar. Observers will be considered equivalent if they agree
which ellipses are circular. (They generally will not agree
about the radius of any particular ellipse.) Equivalent
observers are said to belong to the same metric class. A
metric class can be represented by any of the charac-
teristic ellipses.

1.3.2 Statistical analysis
This graphic representation cannot be used to show
statistical distribution; a set of coordinates is needed.
Two possible coordinate systems are shown in Fig. 3.

An obvious choice of coordinates (shown on the left in
Fig. 3) is ellipse eccentricity, �, (the ratio of major and
minor axis lengths) and major axis angle, h. Unfortu-
nately, this set of coordinates has poor statistical
properties. The major axis angle is not de®ned for an
eccentricity of one and, for eccentricities near one, the
major axis angle is expected to have a nearly ¯at
distribution. Also, the two distributions are not expected
to be statistically independent; since there is more
angular uncertainty for eccentricities near one, the
interpretation of angular measurements is dependent
on the corresponding eccentricity measurements.

A better choice of coordinates is ln(ratio) coordinates,
de®ned on the right in Fig. 3. The ratio of lengths in any
two, ®xed directions is expected to have an approxi-
mately log-normal statistical distribution. Thus, the
logarithm of the ratio of lengths in any two, ®xed di-
rections is expected to be approximately normally dis-
tributed. Furthermore, these distributions are expected
to be statistically independent. The ln(ratio) coordinates
used are denoted by ln�r0� and ln�r45�.

The statistical distribution of experimental data re-
ported here will be given in ln(ratio) plots such as that
shown in Fig. 4. Each point corresponds to a metric
class and can be identi®ed with a shape such as an el-
lipse. The origin corresponds to the Euclidean metric
class. The set of metric classes has an interesting struc-
ture, including a natural metric. This structure is dis-
cussed further by Fasse and Hogan (1993) (see also
Fasse 1992).

Fig. 3. Two possible sets of coordinates: on the left, ellipse
eccentricity and major axis angle; on the right, ln(ratio) coordinates

Fig. 4. ln(ratio) plots are used to show the statistical distribution.
Shown is the response distribution of a single subject for the ®rst
experiment
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The icons next to the ln�r0� and ln�r45� axes show
which length ratios are to be compared. Variables ln�r0�
and ln�r45� are assumed to be normally distributed and
independent. The error bars indicate plus or minus one
standard deviation from the mean.

Figure 4 also illustrates the measures of perceptual
distortion and perceptual uncertainty as used in this
work. Consider perception of a spatial property such as
length. When asked to make judgments about spatial
properties, humans will give a distribution of responses.
Perceptual distortion is de®ned to be the systematic bias
of the response distribution from the objective descrip-
tion. Perceptual uncertainty is de®ned to be a measure of
the size or shape of the distribution that is independent
of the systematic component. Perceptual uncertainty
may be attributed to di�erent sources. It may be the
result of unquanti®ed external in¯uences or a temporal
variation of physical properties of the perceptual appa-
ratus. It can also be the result of inherent ambiguity of
the perceptual process Bennett et al. (1989). Figure 4
depicts the response distribution of an observer exhib-
iting both perceptual distortion and uncertainty. This
observer's perception is distorted because the means are
not zero; the observer's perception is uncertain because
the standard deviations are not zero.

2 Length judgment experiment

The goal of this experiment was to quantify perceptual
distortion of length. This was done by simulating small
rectangular containers with a robotic manipulandum
and asking subjects to decide which pair of sides of the
container was longer. A schematic picture of a subject
interacting with a simulated container is shown in of
Fig. 2a.

2.1 Method

Results are presented for eight, 20±35-year-old, right-
handed subjects; seven were male, one was female.
Subjects in all experiments were unpaid volunteers with
backgrounds in science and engineering and with no
known neurological or physical impairment.

All experiments were performed using a man-
ipulandum designed by FayeÂ (1986). The manipulandum
is a planar, two-link, serial linkage actuated by a pair of
PMI JR16M4CH motors. The motors are driven by
PMI 00-88007-003 pulse-width-modulated ampli®ers.
The ®rst link is driven directly by its motor, whereas the
second link is driven semi-directly (i.e., with an angular
transmission ratio of 1.0) by a parallelogram linkage.

Position sensing was originally provided by Litton
70SSB 12000-1-2-1A optical encoders. These encoders
are incremental encoders with phase detection circuitry
capable of 8000 counts (13 bits) per revolution. The
encoders were later replaced with Teledyne Gurley 25/
04S-NB17-IA-PPA-QAR1S encoders, which are 17-bit
absolute optical encoders. Their accuracy is comparable
to their resolution.

Velocity sensing was provided by an electromechan-
ical tachometer integral with the motor. Force sensing
was provided by a Lord FT series force transducer. The
manipulandum was originally controlled by a DEC
PDP-11/73 computer. This was later replaced by a Dell
System 325 PC.

Position and velocity were sampled continually by the
controlling computer. Desired interaction forces were
computed at each sampling instant based on this infor-
mation and a model of the object to be simulated. These
forces were generated by the actuators of the man-
ipulandum; actual interaction forces were approximately
equal to the desired interaction forces.

2.2 Procedure

Subjects were seated and grasped a vertically oriented
handle on the manipulandum. Since a palmar grasp was
used, subjects interacted with the manipulandum using
primarily arm motion, rather than wrist or ®nger action.
The manipulandum restricted hand motion to a hori-
zontal plane. The height was adjusted so that the height
of the subject's shoulder was approximately that of the
manipulandum. Each subject's arm was supported by a
sling that restricted elbow motion to a horizontal plane.
A plastic panel was mounted horizontally above the
manipulandum. A marker was placed on this panel to
indicate the desired initial position of the hand.

The objects simulated were rectangular containers
(rectangular holes in a sti� wall). In earlier experiments
(Kay et al. 1989a,b; Hogan et al. 1990), the objects
simulated were rectangular blocks. We found that
moving along the inside of a rectangular container is
easier than moving along the outside because the handle
cannot slide o� the corner. The rectangles were simu-
lated as four intersecting walls. Each wall had a sti�ness
of 1 N/mm and a viscous damping coe�cient of 10
N � s �mmÿ1 perpendicular to the wall surface. Each wall
had a sti�ness of zero and a damping of zero parallel to
the wall surface. The sti�ness and damping of the
manipulandum were varied using an impedance con-
troller (Hogan 1985). Force feedback was not used in the
impedance controller so that the e�ective inertia of the
manipulandum was the actual inertia.

The orientation of a rectangle is only de®ned modulo
90�; a rectangle with orientation h is also a rectangle
with orientation �h� 90��. For this reason, only orien-
tations of 0±90� need be considered. Rectangles were
presented to the subject in two orientations. Half were
presented parallel to the plane of the subject's torso (by
de®nition 0�). The other half were presented at 45� to
this plane.

Directions x and y were de®ned as shown in Fig. 2a.
Let lx be the length of the x side and ly be the length of
the y side. The area of the rectangles was kept at a
constant lxly � 5000mm2. Fifteen di�erent aspect ratios
were presented with ln�lx=ly� ranging from ÿ0:40 to 0.70
in increments of D ln�lx=ly� � 0:07857.

Each container was presented for 10 s, during which
time the subject traced around the bounding walls. The
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number of times subjects interacted with each object is
given in the trials column of the histograms of Fig. 5
(e.g., four 50� 53 mm rectangles at an angle of 0�, four
50� 53 mm rectangles at 45�, ten 45� 57 mm rectan-
gles at an angle of 0�, etc.). The order in which the ob-
jects were presented was random, although all subjects
were presented with the same sequence of objects. In all,
188 objects were presented.

Objects in all experiments were simulated in the same
region of the manipulandum's workspace. The seat po-
sition was adjusted so that simulated objects were cen-
tered at a point located in the sagittal plane on an
outward radius originating at the shoulder, 75% of the
distance of maximum reach from the shoulder.

Each subject was tested during a single session that
lasted 1±2 h. There was a brief break halfway through
the session. Subjects were instructed to keep their eyes
closed during the experiment, except for brief periods
between trials when they could open them to return to
the starting position marked on the plastic panel above
the manipulandum.

Subjects were told that they would be presented with
a sequence of rectangles, that rectangles would be pre-
sented in two orientations, and that each rectangle
would be available for ten seconds. Two directions
named ``x'' and ``y'' were de®ned for each orientation.
After each trial, subjects reported which side was longer,
x or y.

Figure 5 shows the histograms obtained for one of
the subjects. The ``ln(r)'' listed in the histograms is the

natural logarithm of the ratio of x length to y length of
the rectangle.

A cumulative Gaussian distribution function was ®t
to the experimental data as follows. Let i index each row
of the histogram. Let pi be the value of ln�r� in row i. Let
fi be the frequency of response observed for row i. Let ni
be the number of trials corresponding to row i. Let
cdf��p; r; p� be a cumulative Gaussian distribution func-
tion with mean �p and standard deviation r evaluated at
p. The cost function used for optimal ®tting was

C��p; r� �
X

i

ni fi ÿ cdf��p; r; pi�� �2 : �1�

The cumulative distribution function that minimizes this
cost function is the function plotted in Fig. 5 along with
the histogram; the mean and standard deviation asso-
ciated with the ®tted distribution are given above the
histogram. The solution was found numerically1.

The statistical information determined from the his-
tograms of Fig. 5 is plotted in Fig. 4. The subject's data
are represented by indicating the observed distortions
[mean ln�r0�, mean ln�r45�] and deviations. Error bars
indicate the observed standard deviations in the two
directions. In this case, the subject exhibited a distortion

Fig. 5. Histograms of a single
subject

1 A more common procedure is to transform the data by mapping
the interval (0,1) to the real line and to then ®nd the minimum of a
quadratic cost function of the reals. This e�ectively weights data
points with frequencies near 0 and 1 much heavier than frequencies
near 0.5. The cost function above is more appropriate.
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of 0.1856 at 0�, a distortion of 0.0491 at 45�, a standard
deviation of 0.0714 at 0� and a standard deviation of
0.1482 at 45�.

2.3 Results

The distributions observed for all eight subjects are
shown in Fig. 6. An estimate of average distortion was
obtained for the eight subjects by combining all their
data. The resultant distribution is highlighted in Fig. 6.
The subjective circle2 consistent with the average
distortion has an eccentricity of 1.29 and a major axis
angle of 17� (See Fig. 10a). The observed distortion was
signi®cant in that the mean ln�r0� was 1.3 standard
deviations away from 0.0, and the mean ln�r45� was 0.9
standard deviations away from 0.0.

The results of this experiment show the following.

1. Perceptual distortion of length is signi®cant, in the
order of 30% at the location studied.

2. This perceptual distortion is similar among individu-
als in that all observed means of ln�r0� and ln�r45�
were greater than zero.

3 Angle judgment experiment

The goal of this experiment was to test the hypothesis
that a single, ideal metric relates perceived angles to
perceived lengths. Subjects were presented with a
number of triangles and asked to judge the relative
magnitudes of two angles of the triangle. Corresponding
length judgments were inferred from the subjects'
responses and compared with the results of the ®rst
experiment.

To understand qualitatively how length and angle
perception are expected to be related, consider the tri-
angle of Fig. 2b, which shows schematically a subject
interacting with a simulated triangle. Assume that the
subject perceived the sides parallel to the x-axis and
y-axis to be of equal length. This subject would be
expected to perceive that angles 1 and 2 have equal
magnitudes.

A plausible strategy for measuring the relative
magnitude of angles of a triangle is to measure the
length of the opposite sides. Allowing this direct mea-
surement of length would have defeated the purpose of
the experiment. This strategy was made impossible by
preventing the subject from ever reaching the top cor-
ner. The object was simulated in such a way that the
subject felt like he was tracing around a triangular hole
with the curious property that the top corner could not
be reached.

3.1 Method

Results are presented for seven, male, 20±35-year-old,
right-handed subjects. All seven subjects participated in
both the length and angle judgment experiments.

Triangles were simulated by simulating a number of
intersecting walls. Each wall had a sti�ness of 1 N/mm
and a viscous damping coe�cient of 10 N � s �mmÿ1
perpendicular to the wall and had a sti�ness of zero
and viscous damping coe�cient of zero parallel to the
wall.3

Subjects were prevented from measuring length di-
rectly by making it impossible to reach the third corner.
This was accomplished by presenting only two sides at a
time. Referring to Fig. 2b, the base side (unlabeled) was
active at all times. After leaving the base, either side x or
side y was active, whichever was contacted ®rst. Re-
turning to the base reset the state, making it possible to
interact with either adjacent side. The object can be
thought of as having three non-parallel sides and two
corners (a biangle). There is no such Euclidean object.
Since the object cannot exist physically, it must be sim-
ulated.

The length of the bases of the triangles was a constant
50 mm. Triangles were right triangles with two walls
parallel to the x-axis and y-axis. Similar to the length
perception experiment, triangles were presented with one
wall (x) parallel to the plane going through the subjects
torso or at a 45� angle to this plane. Two angles (cor-
ners), named 1 and 2, were de®ned for each orientation.

Fig. 6. Response distribution of eight subjects, together with the
average distribution estimated by combining individual data

2 This is the ellipse that would be perceived to be circular by an
idealized observer, one for whom length perceptual distortion for
any pair of axes was consistent with the distortions measured for
the pairs of axes tested in this experiment. Of course, this need not
be the case for the real observer.

3 Simulating a corner with two intersecting walls is satisfactory as
long as the corner angle is right or obtuse. For acute angles, the
resulting sti�ness from the superimposed sti�ness ®elds is low in the
direction of the bisector of the angle, allowing signi®cant dis-
placements into the walls. To remedy this problem, corners were
simulated by presenting three intersecting walls instead of two. The
third wall was perpendicular to the bisector of the angle to be
simulated. This sti�ened the corner, making the corner feel more
distinct. Though imperfect, the e�ect is much better than that
achieved using only two intersecting walls.
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Corner 1 was the corner opposite the side oriented in the
x direction; corner 2 was the corner opposite the side
oriented in the y direction.

In a pilot experiment, the triangles used were those
generated by bisecting the rectangles used in the length
perception experiment along the diagonal. This proved
to be too di�cult for subjects, so a larger range of ratios
was used. Let lx be the length of the x side and ly be the
length of the y side. Nineteen di�erent aspect ratios were
presented with ln�lx=ly� ranging from ÿ1:61 to 0.92 in
increments of D ln�lx=ly� � 0:01403. Each object was
presented for 15 s. The order in which the objects were
presented was random, although all subjects were pre-
sented with the same sequence of objects. In all, 264
objects were presented.

3.2 Procedure

Subjects were tested in two sessions, with a period of 2±
10 days between sessions in most cases. Each session
lasted between 1±2 h. There was a brief break halfway
through each session. Subjects were instructed to keep

their eyes closed during the experiment, except for brief
periods between trials when they could open them to
return to the starting position marked on the plastic
panel above the manipulandum.

Subjects were told that they would be presented with
a sequence of biangles (triangles of which only two sides
would be simultaneously present). They were told that
the objects would be presented in two orientations, and
that each object would be available for 15 s. Angles
(corners) 1 and 2 were de®ned for each orientation.
After each trial, subjects reported which angle was
larger, 1 or 2.

Two histograms of responses were determined for
each subject, similar to the histograms of Fig. 5. A cu-
mulative distribution function of Gaussian type was ®-
ted to each histogram. Figure 7 shows the histograms
obtained for one of the subjects. The ``ln(r)'' listed in the
histograms is the natural logarithm of the ratio of x
length to y length of the sides of the triangle. The ``%
responses x'' listed in the histogram is actually the ``%
responses 1'', but is so labeled to emphasize the expected
correspondence of histograms obtained in the length and
angle perception experiments.

Fig. 7. Histograms of a single
subject
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3.3 Results

As mentioned, each experiment was split into two sets of
trials. The intervals between trial sets for the seven
subjects were 69, 8, 2, 10, 5, 3 and 5 days, respectively.
Although there was considerable variation in the
response distributions observed among subjects, the
response distribution of individuals was stable over time.
Subject 1's unusually long hiatus was due to an
oversight; the results were still consistent. Distributions
measured for two individuals on di�erent days are
shown in Fig. 8. The response distributions of all seven
subjects are shown in Fig. 9. The distributions shown
are those obtained by combining data from the two trial
sets for each subject.

An estimate of average distortion was obtained for
the seven subjects by combining all their data4. The
average distortion was 30%. The resultant response
distribution is highlighted in Fig. 9. The mean ln�r0�
was 0.4 standard deviations away from 0.0, and the
mean ln�r45� was 0.5 standard deviations away from 0.0.
Also shown in the ®gure is the estimate of the average
distribution obtained in the length perception experi-
ment. The distributions are inconsistent. Both the ob-
served distortions and uncertainties were signi®cantly
di�erent in the two experiments [signi®cances P0,
P45 < 1% as determined by Student's t-test for normally
distributed data sets with unequal variances on the dis-
tributions of individual mean ln�r0� and mean ln�r45�
[24]]. The subjective circles consistent with the observed
distortions are shown in Fig. 10a.

Figure 10b illustrates how an ellipse is related to an
angle measurement. The non-Euclidean protractor on
the left would be perceived as the Euclidean protractor
on the right. The marks shown along the ellipse are at
increments that would be perceived to be 10� apart. Since
this experiment makes no predictions about the perceived
orientation of a single line segment, only about the per-
ceived angle between line segments, the marks should not
be interpreted as measures of orientation.

Summarizing, the results of this experiment show the
following.

1. Perceptual distortion of an angle is of the order 30%
at the location studied.

2. The observed angle perceptual distortion was signi®-
cantly di�erent to that expected given the observed
length perceptual distortion.

3. There is more angle perceptual uncertainty among
individuals than would be predicted from the length
perceptual scatter; the standard deviations were con-
sistently higher than those of the length experiment.

4. Response distributions observed for individuals were
consistent over time.

Fig. 8. a Two sessions 69 days apart. b Two sessions 8
days apart

Fig. 9. Response distributions of seven subjects, together with the
average distribution estimated by combining individual data. Shown
also is the average distribution determined from the length experiment

Fig. 10. a Average subjective circles as determined by (1) the angle
experiment, with � � 1:28, h � ÿ62� and (2) the length experiment,
with � � 1:29, h � 17�. b The results of the angle judgment
experiment are consistent with an observer using the protractor
shown on the left. This protractor would be perceived as the normal,
Euclidean protractor shown on the right

4 A similar estimate of the means may be obtained by averaging
the means across subjects, but yields no estimate of the standard
deviation.

76



4 Orientation judgment experiment

Section 3 explained why it is reasonable to expect length
and angle perceptions to be related. In experiment 3, we
again looked at the consistency of length and angle
perception, albeit indirectly. The goal of the experiment
was to determine locally which directions are perceived
as being oriented ``straight ahead'' and ``straight side-
ways''. This was done by simulating short slots (seg-
ments inside a solid boundary) and asking subjects to
decide whether or not the end of the slot farthest away
from the subject pointed forward and to the left, or
forward and to the right. Figure 11a shows schemati-
cally a subject interacting with a simulated slot. The
hypothesis that spatial perception is metrically consis-
tent does not predict which directions will be perceived
as ``straight ahead'' and ``straight sideways'', but it does
predict that those two orientations will be perceived as
being at right angles.

Knowing only one pair of orientations that are per-
ceived to be at right angles is not enough to determine a
consistent metric. For this reason, the results cannot be
compared directly with those of the other experiments,
and strong conclusions about metric consistency cannot

be drawn. Nonetheless, indirect comparison is possible
and the results are interesting.

4.1 Method

Results are presented for seven, male, 20±35-year-old,
subjects. Six subjects were right-handed, one subject was
left-handed. Six of the seven subjects participated in the
length, angle and orientation judgment experiments.

Line segments were presented as short slots in a sti�
wall. The same container simulator used in the length
perception experiment was used to simulate slots. A slot
was simulated as a container with zero width and ®nite
length. Line segments were presented to subjects in 5�
increments from ÿ90� to 85�. Positive angles are mea-
sured clockwise from a sagittal orientation. Segments
were all 5 cm and centered at the standard starting po-
sition. Five segments of each of the 36 orientations were
presented to each subject, for a total of 180 segments.
Segments were presented in a random order, but all
subjects were presented with the same sequence. Each
segment was available for 10 s, during which time the
subject traced back and forth inside the slot.

Fig. 11. a Subjects interacted with
simulated slots and were asked to
judge which quadrant the slot was
in. b Response distribution of a
single subject. c Subjective orienta-
tions determined from the response
distribution of b
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4.2 Procedure

Subjects were tested in a single session that lasted about
45 min. Subjects stopped for a brief break halfway
through the experiment. Subjects were instructed to keep
their eyes closed during the experiment, except for brief
periods between trials when they could open them to
return to the starting position marked on the plastic
panel above the manipulandum.

Subjects were told that they would be presented with
a sequence of slots (short line segments), each of which
would be available for 10 s. They were asked to deter-
mine ``whether each line segment is pointing forward
and to the left, or forward and to the right of straight
ahead''. Subjects gave an abbreviated response of ``left''
or ``right''.

A histogram of responses was obtained for each
subject. One such histogram is shown in Fig. 11b. It is
probably obvious that it is di�cult to judge if the slot
orientation is near 12 o'clock but it may be less obvious
that it is di�cult to judge if the slot orientation is near 3
o'clock. There are two stimulus regions in the histogram
for which the response frequency is approximately 50%;
one corresponds to the subjective 12 o'clock orientation,
the other to the subjective 3 o'clock orientation. These
orientations were obtained using the following proce-
dure. In each of the two crossover regions, a linear
function, f �h�, was ®t to the histogram using a standard
linear regression. The orientation, hc, for which
f �hc� � 50%, was the orientation of subjective 12
o'clock or 3 o'clock, as appropriate. Figure 11c shows
the resultant orientations of subjective 12 o'clock and 3
o'clock.

4.3 Results

Figure 12a shows the subjective orientations from all
seven subjects, with the data from the left-handed subject
reversed. One subject exhibited a qualitatively di�er-
ent distribution of responses from the other subjects.

We are interested in metric consistency, and not ori-
entation perception per se. For this reason, it is only
relevant that for each subject there is a known pair of
segments that are (presumably) perceived to be orthog-
onal. Consider any two pairs of segments. For ease of
visualization, assume that one pair corresponds to a
``normal'' subject, such as the pair shown in Fig. 11c.
Assume that the other pair corresponds to the qualita-
tively di�erent ``outlier'' of Fig. 12a. Are these responses
metrically inconsistent? Not necessarily; the two subjects
would disagree about the absolute orientations of each
other's segments, but they might agree that both pairs of
segments were orthogonal. For example, the outlier
might perceive that the normal subject's segments were
oriented at 2 o'colck and 5 o'clock, and thus orthogonal.
It is thus not reasonable to simply average the subjects'
data. Instead, to make a comparison with the other ex-
periments, we used the results of (1) the length experi-
ment and (2) the angle experiment to derive two
predictions of the perceived angle between ``straight
ahead'' and ``straight sideways''.

Predicted, perceived angles were determined as fol-
lows. A mean distortion with eccentricity of 1.29 and a
major axis angle of 17� was determined in the length
judgment experiment. A corresponding inner product
matrix G is

G � R�17�� 1 0

0 1:292

� �
R�ÿ17�� �2�

� 1:0568 ÿ0:1857
ÿ0:1857 1:6073

� �
; �3�

where

R�h� � cos�h� ÿ sin�h�
sin�h� cos�h�
� �

: �4�

For each subject, vectors corresponding to subjective 3
o'clock and 12 o'clock were determined. For example,
the vectors corresponding to the orientations ÿ6� and
ÿ88� are

v � ÿ0:1045
0:9945

� �
; w � ÿ0:9994

0:0349

� �
: �5�

The predicted, perceived angle between these vectors is
then

��v;w� � arccos
hv;wi
kvk kwk
� �

� 75� : �6�

Using the inner product of (2), predicted, perceived
angles were computed for each subject. These angles
were averaged using circular statistical methods [1],
resulting in an average of 75� (�10�, 99% con®dence).
This is signi®cantly di�erent from the expected 90�.

The results of the orientation judgment experiment
are more consistent with the results of the angle per-
ception experiment. For each subject, predicted, per-
ceived angles were computed using an inner product
matrix derived from the results of the angle perception
experiment. The average of these angles was 91� (�10�,

Fig. 12. Estimates of subjective 12 o'clock and 3 o'clock directions of
seven subjects
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99% con®dence). This angle is obtuse; the acute angle is
89�. Both are statistically similar to the expected 90�.5

To understand these results, consider Fig. 13 which
may provide qualitative insight on the implications of
the statistical analysis. Figure 13a shows an idealized
stimulus-percept pair. The stimulus consists of an ellipse
and two line segments corresponding to the vectors of
(3). An ideal observer whose perceptions were consistent
with the results of the length perception experiment
would perceive the ellipse to be circular. The observer
would perceive the relative, acute angle between the two
line segments as being 75�. Figure 13b shows a di�erent
stimulus-percept pair. The stimulus is a di�erent ellipse
with tick marks around its circumference, and again the
two line segments. An ideal observer whose perceptions
were consistent with the results of the angle perception
experiment would perceive the tick marks to be at equal,
10� intervals. The observer would perceive the relative,
obtuse angle between the two line segments as being 93�.

The conclusions drawn from this experiment are as
follows.

1. The observed orientational distortion was not con-
sistent with the observed length perceptual distor-
tion.

2. The observed orientational distortion was consistent
with the observed angular perceptual distortion.

5 Circle drawing experiment

Humans make errors when performing motor tasks such
as drawing. For example, we cannot draw perfect circles
without special tools. This error is often thought of as
resulting from failure of the motor control system to
achieve the intended behavior but alternatively, some of
this error may also be ascribed to a distorted intent.

Assume, for example, that a subject was asked to
draw a circle. It is reasonable to assume that it is the
subject's intent to draw a shape that is perceived to be
circular. If the subject's perception is distorted so that

Euclidean circles are not perceived as being circular, it is
unlikely that the subject will draw Euclidean circles,
even if no error is introduced by the motor control
system. Motor behavior may thus be expected to be
related to perceptual behavior. More speci®cally, motor
intent may be expected to be geometrically consistent
with perceptual distortion. The goal of the fourth ex-
periment was to determine if the shapes that people drew
could be predicted, given the results of the length per-
ception experiment.

5.1 Method

Results are presented for 11, male, 20±35-year-old, right-
handed subjects. Two of the 11 subjects participated in
both the length judgment and the circle drawing
experiments.

The manipulandum was used solely as a data acqui-
sition device in this experiment. No controller was ac-
tive, so the primary in¯uence of the manipulandum was
its inertia and friction, both of which were su�ciently
small to have little or no e�ect on movement.

5.2 Procedure

Subjects were asked to draw circles continually. The
circles were to be centered at the standard starting
position (75% of maximum reach), approximately 10 cm
in diameter. The circles could be drawn in a clockwise or
counterclockwise direction, but once a direction had
been chosen, all circles were to be drawn using that
direction. Nine of the 11 subjects chose to draw circles
counterclockwise.

Subjects performed the experiment with their eyes
closed, although they could open their eyes periodically
to make sure the circles were centered properly. Data
was sampled at 50 Hz and stored in a ring bu�er that
held 4 s of data. Movement speeds were such that at
least one complete circle was drawn in 4 s. Subjects were
told to slow down if their rates approached one circle
per 2 s. Data collection was halted at the subject's report
that a ``good'' circle had been drawn. Subjects drew 20
circles in all. The experiment lasted about 15 min.

Ellipses were ®t to the data by ®nding a metric for
which the data looked most circular. The procedure used
is described in the appendix. Ellipses ®tted using this
procedure are shown in Fig. 14.

Fig. 13. a The percept of the stimulus is assumed to be a linear stretch
of the stimulus consistent with the length perception experiment. b
Orientation perception results are more consistent with angular
perception results

Fig. 14. Two examples of ellipses ®tted to data

5 Note that the estimated �10�, 99% con®dence intervals of the
predicted, perceived angles take into account only statistical vari-
ation of the orientation judgment data and not of the length or
angle judgment data, which were assumed to be described perfectly
by their means.
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This procedure is sensitive to drift in the center of the
data because it assumes that the center of the circles is
stationary. Attempts to ®t a single ellipse to data that is
best described as multiple circles with di�erent centers
will lead to erroneous results. The center of the ellipses
tended to drift toward the subjects' midlines. For this
reason, the data recording duration was chosen so that
subjects had time to draw only one or two circles.

Measures of statistical distribution analogous to
those used in the perceptual experiments were obtained
by assuming that the distributions of ln�r0� and ln�r45�
of the ellipses were independent and distributed nor-
mally. The mean values of ln�r0� and ln�r45� thus ob-
tained determined an average ellipse.

5.3 Results

Distributions obtained for each of the 11 subjects are
shown in Fig. 15a; most of the means are in the ®rst
quadrant. Figure 15b shows the resultant distribution
from combining the data from all 11 subjects. Discrete
points in the plot correspond to ellipses drawn by
subjects. The distribution measured in the length
perception experiment is presented for comparison.
Although the distributions were statistically distinguish-
able [signi®cances P0 < 1%, P45 � 45% as determined
by Student's t-test for normally distributed data sets
with unequal variances on the distributions of individual
mean ln�r0� and mean ln�r45�], the di�erence of means
is small.

The results of this experiment show the following.

1. Motor distortion of length is signi®cant, in the order
of 13% on average.

2. This motor distortion is similar among individuals.
3. The observed motor distortion was inconsistent with

the observed length perceptual distortion.

It is interesting to note that the relative distortion
between the distributions obtained in the length percep-
tion and circle drawing experiments was much smaller
than the relative distortion between the distributions
obtained in the length perception and angle perception
experiments (compare Fig. 9 with Fig. 15b). Thus,
despite their inconsistency (statistical distinctness), it
appears that motor distortion and length perceptual
distortion may be similar.

6 Discussion

6.1 Validity of the results

The experiments reported here were performed on
``virtual'' objects simulated mechanically by a robot to
mimic certain properties of real objects, but the mimicry
is inevitably imperfect. Could our observations have
been due to some di�erence between real and virtual
objects? Further work would be required to conclusively
rule out this possibility but the similarity of our length
perception results to earlier investigations of the tan-
gential-radial e�ect makes it unlikely.

In the length perception experiment, subjects were
limited to 10 s of interaction before judgment, which
might have a�ected the results. In the length perception
experiment reported by Kay et al. (1989a,b) subjects were
given unlimited time of interaction before judgment. Our
results were similar to those of Kay et al. so the limited
duration of interaction seems not to have been important.

Could our observations be peculiar to the experi-
mental task we used? Task context is undoubtedly im-
portant. Haptic perception may depend upon the
particular motor and sensory apparatus involved. Sub-
jectively, this task is analogous to feeling inside a shape
made of sti� foam6 with a stick held in a palmar grasp.
As humans usually explore objects with the ®ngers
rather than with the palm, we might ®nd di�erent results
if we con®ned our subjects to a ®ngertip pincer grasp.
Once again, the similarity of our results to prior work on
the tangential-radial e�ect (which was not restricted to
palmar interaction) suggests that our observations are
not peculiar to the grasp our subjects used but further
work is required to investigate this possibility. Subjects
were allowed to open their eyes periodically, so that they
would remain alert; these intermittent visual cues may
have a�ected the results. Furthermore, given that vision
plays a dominant role in spatial perception, di�erent
results might be found if the experiments were per-
formed with the eyes open. Without further research we
cannot rule out these possibilities, but we note that there
are realistic everyday situations in which haptic per-
ception occurs in the absence of visual information. The
observed haptic perceptual distortions were similar for

Fig. 15. a Ellipse distributions of 11 subjects. b Distri-
butions obtained from both the circle drawing experi-
ment and the length perception experiment. Points
correspond to ellipses drawn by all 11 subjects

6 Due to limitations of the apparatus, objects with perfectly rigid
sides could not be simulated.
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di�erent subjects and consistent over time, indicating
that they re¯ect a robust perceptual phenomenon, in-
teresting in its own right.

Could our observations be an artifact of our experi-
mental design? While the order of stimulus presentation
might have been varied to eliminate possible order ef-
fects, in each experiment we chose to use the same trial
sequence for all subjects. This was done to enhance
consistency between subjects by ensuring that all sub-
jects experienced the same set of trials but alternative
designs may be appropriate for further research.

In the orientation perception experiment, subjects
were allowed only two possible responses: forward and
to the left, forward and to the right. As a result, we could
not determine a metric directly from this experiment and
had to use the indirect method described above to test
whether orientation perception was consistent with
length perception (it was not) and angle perception (it
was). However, if subjects were given, say, four possible
responses, four subjective orientations might be deter-
mined. That would be more than enough information to
determine a metric, so that it would then be possible to
compare the experimental results directly. This would
also make it possible to take into account the statistical
variation of the length and angle judgment data, which
was not possible with the indirect method we used.

Each of our experiments used a relatively small
number of subjects, and not all the same subjects. For
example, only two subjects participated in both the
length perception and the circle drawing experiments.
Finally, in the length and angle perception experiments,
only two object orientations were used to determine a
``perceptual metric''. In e�ect, it was assumed, in ac-
cordance with basic Riemannian geometry, that length
perception for all other object orientations could be
derived from these two measurements. This, of course,
need not be the case and further experimentation would
be required to validate this assumption.

Nevertheless, even with these caveats, our experi-
ments yielded statistically reliable results that admit a
meaningful interpretation.

6.2 Relation to prior work

These experiments con®rm and extend prior observa-
tions of a tangential-radial distortion of haptic percep-
tion. The e�ect is quite pronounced. For example, length
perception is distorted in the order 25±30% in the
workspace location studied. It becomes even more
pronounced as the center of the object moves away
from the shoulder (Kay et al. 1989a,b; Hogan et al.
1990). However, it appears that the e�ect is not best
represented as a combination of radial and tangential
e�ects. Our results indicate that the greatest length
perception distortion (indicated by the minor axis of the
ellipse of Fig. 10) is not radial (i.e., along a radius
centered on the shoulder) but in a direction oriented
more towards midline. Contrary to the hypothesis
proposed by Deregowski and Ellis (1972) we observed
signi®cantly distorted perception of objects at 45�.

Our experiments also extend prior work to quantify
haptic perception of other spatial properties of objects
such as angles of corners. We found that haptic angle
perception was also signi®cantly distorted, in the order
of 30% in the workspace location studied.

By quantitatively comparing the perceptual distortion
of di�erent object properties such as angles and lengths,
we were able to investigate the geometric structure of
haptic perception. We believe this fundamental ap-
proach may ultimately reveal important features of the
computations underlying perception.

6.3 Geometric inconsistency

The ®rst result of our study is experimental evidence that
haptic spatial perception was not geometrically consis-
tent or, more speci®cally, not consistent with a Riem-
annian mathematical model. However, this does not
imply that haptic perception is unstructured. The second
result of our study is our experimental evidence that
perception of orientation was largely consistent with
perception of angle. This suggests that there may be
more commonality between the computational resources
(or modules, or regions of the CNS) used in perceiving
orientation and relative angle than between those used in
perceiving orientation and length. There appears to be
an internal orientation perceptual apparatus unrelated
to the apparatus used to perceive length and distance.
Put another way, there appears to be an internal,
metrically inconsistent compass.

What does it mean for a compass to be metrically
inconsistent? A compass is a device for measuring the
absolute orientation of a single line segment. A pro-
tractor is a metrically consistent device for measuring the
relative angle between pairs of line segments. The com-
passes used in everyday navigation are metrically con-
sistent in that there exist metrically consistent angular
relations between the various bearings on the compass.
For example, the orientation East is at 90� to the orien-
tation North, which is in turn at 45� to the orientation
Northwest. Metrical consistency is not a logical neces-
sity, it is a logical convention. It is possible to navigate
using compasses that are not metrically consistent.7

To our knowledge, there is no obvious reason why
humans would have developed an apparatus for mea-
suring angles between line segments (an internal pro-
tractor). There is, however, ample reason to expect that
humans would have developed an orientation perceiving
apparatus (an internal compass) as it would be useful in
making directed movements.

6.4 Perception of length and production of movement

Since haptic perception requires an interplay between
sensation and action, we studied the relation between

7 The sidereal compass used for navigation in certain Micronesian
cultures is an example of a metrically inconsistent compass
(Hutchins 1983).
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haptic perceptual distortions and movement production.
The third result of our study is experimental evidence
that distortion of motor production is similar to the
distortion of length perception (though a small, statis-
tically signi®cant di�erence was observed). This is
further evidence of geometric structure in haptic per-
ception. It also implies that commonly observed errors
in production of motor behavior may, at least in part, be
attributed to central processes underlying the produc-
tion of motor commands rather than to an imperfect
execution of motor commands.

One interpretation consistent with all of our experi-
mental results is that there may exist both an ``internal
compass'' and an ``internal ruler''. The internal ruler is
used in length perception; the internal compass is used in
orientation perception. The compass and the ruler are
functionally independent, or the results of the length and
orientation perception experiments would have been
consistent. In estimating relative angles between seg-
ments, humans refer to their internal compass, and not
their internal ruler. This is supported by the geometric
consistency between the angle and orientation percep-
tion experiments. In the generation of paths, humans
refer to their internal ruler. This is supported by the
similar geometric distortion observed in the length per-
ception and circle drawing experiments.

This hypothesis is in accord with results in motor
neuroscience that show that direction of movement is
encoded independent of velocity, notably the work of
Georgopoulos and colleagues (Kalaska et al. 1983; Ge-
orgopoulos et al. 1986, 1988; Taira et al. 1990; Ge-
orgopoulos 1991). It is also consistent with the
phenomenon of dysmetria, where individuals move the
hand in an appropriate direction towards a target, but
overshoot or undershoot the distance (Meador et al.
1986). Of course, the results of the experiments pre-
sented here are not strong enough to verify these spec-
ulations but further investigation is clearly warranted to
explore the rami®cations of these ideas and test the hy-
pothesis that independent CNS processes are used for
orientation and length perception.

7 Concluding remarks

In the experiments reported here, we found that humans
misperceive geometric properties of felt objects. We
believe it is important to understand and quantify this
phenomenon in order to better design and develop
devices to interact with humans. This is especially
relevant for devices to simulate the touch and feel of
real objects, an important part of virtual environment
technology. Furthermore, the analytical and experimen-
tal methods described here may prove useful for
objective assessment of virtual environment technology,
e.g., the ``real-ness'' of a particular display (see Fasse
and Hogan 1993, for further discussion).

Conversely, our experiments illustrate the value of
virtual environment technology for psychophysical in-
vestigations. Even the relatively crude device we used
a�orded a useful enhancement of psychophysical

methods previously used to investigate haptic percep-
tion. By providing enhanced control of experimental
stimuli, virtual environment technology provides signi-
®cant new opportunities for studying the transformation
from sensation to action.

Finally, the psychophysical techniques used in these
experiments are potentially useful for the evaluation of
patients with neurological disorders, for example, re-
covering stroke patients. A ``haptic examination'',
analogous to a vision or hearing examination, could be
administered using simple robot technology (see, e.g.,
Krebs et al. 1998) and may provide useful insight into
the nature and extent of the perceptual abilities and
disabilities of patients. Ultimately, a haptic examination
might be useful for clinical diagnosis or evaluation of
recovery.
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Appendix: Ellipse ®tting

This appendix describes the procedure that was used to ®t ellipses
to experimental data. Ellipses were ®t to data by ®nding a metric
for which the data was most circular. Let G be a matrix repre-
senting an arbitrary metric, so that

hv;wi � vtGw � vt gxx gxy

gxy gyy

� �
w : �7�

A circle with respect to this metric, centered at c with radius r, is the
set of points fp j �p ÿ c�tG�p ÿ c� � r2g. Real data will not be cir-
cular with respect to any metric. The deviation from being circular
for a data point pi can be expressed by

�i � �kpi ÿ ck2 ÿ r2�2 �8�
� �gxxp2xi ÿ 2gxxcxpxi � gxxc2x � 2gxypxipyi

ÿ 2gxycxpyi ÿ 2gxypxicy � 2gxycxcy

� gyyp2yi ÿ 2gyycypyi � gyyy2c ÿ r2�2 : �9�

The cost function used for optimal ®tting was V �Pi �i. De®ne
a0 � gxx, a1 � 2gxy , a2 � gyy , a3 � ÿ2gxxcx ÿ 2gxycy , and

a4 � ÿ2gxycx ÿ 2gyycy . De®ne a5 � gxxc2x � 2gxycxcy � gyyc2y ÿ r2 �
kck2 ÿ r2. Substitution into (9) yields

V �
X

i

�a0p2xi � a1pxipyi � a2p2yi � a3pxi � a4pyi � a5�2 : �10�

As stated, the problem is overspeci®ed. There are six parameters, a0

through a5, which are, in turn, functions of gxx, gxy , gyy , cx, cy and
r2. An ellipse requires only ®ve parameters for description. The
radius, r, can be chosen arbitrarily without a�ecting the solution.
Unfortunately, the resultant optimization problem does not have
an obvious closed-form solution and has to be solved iteratively.
This approach was tried initially using a gradient descent algo-
rithm, but was found to give unsatisfactory results on elliptical test
patterns. The convergence properties of the algorithm were poor,
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and at times unstable. The algorithm could not be tuned to give
satisfactory estimates of the elliptical test patterns.

If instead a5 � kck2 ÿ r2 is chosen arbitrarily, the problem has a
closed-form solution, as given below. Empirically, this procedure
gave better estimates in general, and found the exact solutions of
elliptical test patterns in particular. This is the procedure that was
ultimately used for ®tting ellipses to experimental data. Although
the resultant ®ts were empirically excellent, this procedure should
be used with caution. It is not obvious how ®xing kck2 ÿ r2 a�ects
the solution. Assume, then, that a5 is constant. Let

a � a0 a1 a2 a3 a4� �t ; �11�

b � ÿ
X

i

� p2
xi pxipyi p2yi pxi pyi �t �12�

and

M �
X

i

p4xi p3xipyi p2xip
2
yi p3xi p2xipyi

p3
xipyi p2xip

2
yi pxip3yi p2

xipyi pxip2yi

p2
xip

2
yi pxip3

yi p4yi pxip2yi p3yi

p3xi p2xipyi pxip2yi p2xi pxipyi

p2
xipyi pxip2

yi p3yi pxipyi p2yi

2666664

3777775 : �13�

The optimal a is a � Mÿ1b. Knowing a it is easy to solve for G and
c, which fully describe the ellipse. Ellipses ®tted using this proce-
dure are shown in Fig. 14.
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